The concept of gauge invariance is one of the most subtle and useful concepts in modern theoretical physics. It is one of the Standard Model cornerstones. The main benefit due to the gauge invariance is that it can permit the comprehension of difficult systems in physics with an arbitrary choice of a reference frame at every instant of time. It is the objective of this work to show a path of obtaining gauge invariant theories from non-invariant ones. Both are named also as first-and second-class theories respectively, obeying Dirac's formalism. Namely, it is very important to understand why it is always desirable to have a bridge between gauge invariant and non-invariant theories. Once established, this kind of mapping between first-class (gauge invariant) and second-class systems, in Dirac's formalism can be considered as a sort of equivalence. This work describe this kind of equivalence obtaining a gauge invariant theory starting with a non-invariant one using the symplectic embedding formalism developed by some of us some years back. To illustrate the procedure it was analyzed both Abelian and non-Abelian theories. It was demonstrated that this method is more convenient than others. For example, it was shown exactly that this embedding method used here does not require any special modification to handle with non-Abelian systems.
I. INTRODUCTION
In this work the symplectic embedding of second-class systems transforming them into gauge theories is discussed [1] . Although there is an extensive literature about the subject, we believe that the results, the gauge invariance and the symplectic embedding applications described here are shown in a self-contained and pedestrian way.
The connection between these conversion features can be understood as a kind of physical equivalence. This connection characterizes both systems as representing the same physical properties [2] . The term embedding, used here (and in the literature about the subject) sum up precisely the gist of the procedure. We will use a general canonical formalism of embedding developed by * evertonabreu@ufrrj.br † jorge@fisica.ufjf.br ‡ albert@fisica.ufjf.br § clifford@fat.uerj.br ¶ wilson@fisica.ufjf.br some of us based on symplectic formalism [3] , which embeds a second-class theory (the initial action, noninvariant) into one that has gauge invariance. It is important to emphasize here that our embedding leads to a mixed system having both first and second class constraints.
To perform such conversion task we then used the so-called symplectic embedding formalism developed by some of us in [3] . The main advantage of this method, when compared with other conversion methods, is that it involves the construction of a zero-mode object, which is connected with the symmetries of the final model. Hence, the embedding method discloses all the hidden symmetries of the original system, since it can be demonstrated that the original and final models present the same equations of motion [2] . The revealing of the set of symmetries of the model is a fundamental issue concerning the fathoming of the original action. Another advantage is that the method can deal with Abelian and non-Abelian theories. Namely, nothing needs to be modified or adapted when we use the embedding method to deal with such theories. In the last two sections we will show that this method can be used by a wider community since we attack fluid systems.
As well known, after the procedure application, where we have first-class constraints, the final system is a gauge invariant theory. The relevance of having a gauge theory, in few words, is that the physically important variables are those that are independent of the local reference frame [4] . Whenever a change in the arbitrary reference frame causes a transformation of the variables involved we have the so-called gauge transformation. This physical variables are then well known as gauge invariant variables. Such gauge theories and gauge transformations are the cornerstones of the standard model structure, to mention only one of its successful applications. We will talk with more detail about gauge theories and quantization in a moment.
Since the Hamiltonian formulation is considered by many as the more fundamental formulation of a physical theory, whenever necessary, we also used the Dirac brackets [1] in order to show exactly the gauge invariance of the final actions obtained.
Quantization. The quantization of gauge theories demands a special care because the presence of gauge symmetries indicates that exist some superfluous degrees of freedom, which must be eliminated (before or after) with the implementation of a valid quantization process.
The quantization of first-class systems was formulated both in Dirac's [1] and path integral [5] points of view. Later on, the path integral analysis was extended by Batalin, Fradkin and Vilkovisky [6] in order to preserve the BRST symmetry [7] .
On the other hand, the covariant quantization of second-class systems is, in general, a difficult task because the Poisson brackets are replaced by Dirac brackets. At the quantum level, the variables become operators and the Dirac brackets become commutators. Hence, the canonical quantization process is contaminated with serious issues such as ordering operator problems [8] and anomalies [9] in the context of nonlinear constrained systems and chiral gauge theories, respectively. It seems that it is more natural and safe to work out the quantization of second-class systems without invoking Dirac brackets. Actually, it was the strategy followed by many authors over the last decades. The noninvariant system has been embedded in an extended phase space in order to change the second-class nature of constraints into first-class.
In this way, the entire machinery [7, 13] for quantizing first class systems can be used. To implement this concept, Faddeev [14] suggests to enlarge the phase space with the introduction of new variables to linearize the system, which were named after them, as the WessZumino (WZ) variables [15] . This idea has been embraced by many authors and some methods were proposed and some constraint conversion formalisms, based on the Dirac method [1] , were constructed. Among them, the Batalin-Fradkin-Fradkina-Tyutin (BFFT) [10, 11] and the iterative [16] methods were strong enough to be successfully applied to a great number of important physical systems. Although these techniques share the same conceptual basis [14] and follow the Dirac framework [1] , these constraint conversion methods were implemented following different directions. Historically, both BFFT and iterative methods were introduced to deal with linear systems such as chiral gauge theories [16, 17] in order to eliminate the gauge anomaly that hampers the quantization process.
The Symplectic formalism. The technique formulated by Faddeev and Jackiw [18] relies on first-order Lagrangians which equations of motion does not generate accelerations. The brackets involved are called generalized brackets since it can be shown that they coincide with those obtained directly from Dirac's formalism. So, we can realize that these generalized brackets are linked to the commutators of the quantized theory. In FJ method the classification of a system as constrained or unconstrained is connected with the behavior of the symplectic two-form. The outcome of this classification does not necessarily agree with the one given by the Dirac technique.
The BFFT technique. The general canonical quantization formalism due to Batalin, Fradkin, Fradkina and Tyutin (BFFT) [10] for converting second-class constraints into first-class ones, increases the number of degrees of freedom to include unphysical ones [11] . The obtainment of first-class constraints is carried out in an iterative process [12] . To summarize we can say that the first correction of the constraints is linear in the auxiliary variables. The second correction is quadratic and so on. For systems with just linear constraints we have to perform the conversion to first-class ones. For nonlinear constraints, we have more than one iteration and the BFFT formalism shows its problems since the first step of the process does not precisely fix the solution that will be used in the next steps. Some solutions of this problem were published but they cannot be applied for all cases.
The Noether dualization method. Recently, the so-called gauging iterative Noether dualization method [19] has been shown to thrive in establishing some dualities between models [20] . This method hinges on the traditional concept of a local lifting of a global symmetry and it may be realized by an iterative embedding of Noether counterterms. However, this method provides a strong suggestion of duality since it has been shown to give the expected result in the paradigmatic duality between the so-called self-dual model [21] and the MaxwellChern-Simons theory in three dimensions duality. This correspondence was first established by Deser and Jackiw [22] and using the parent action approach [23] .
The paper. In section 2, we review the symplectic embedding formalism in order to settle the notation and to make the reader to familiarize with the fundamentals of the formalism. In section 3, we will initiate with the
II. THE SYMPLECTIC EMBEDDING FORMALISM
The formalism is developed based on the symplectic framework [18, 25] , that is a modern way to handle with constrained systems. The basic object behind this formalism is the presymplectic matrix, i.e., if this matrix is singular, the model presents a symmetry, if it is not singular, the Dirac brackets can be obtained. In this way, we have proposed to turn nonsingular presymplectic matrix to a singular one. This procedure will be carried out through the introduction of both the arbitrary functions that depend on the original coordinates and the WZ variables into the first-order Lagrangian. To appreciate this point, a brief review of the symplectic formalism will be provided in this section. After that, general ideas of the symplectic gauge-invariant formalism will be explained. This formalism, differently from the BFFT and other iterative constraint conversion methods, does not require special modifications of the formalism to convert Abelian or non-Abelian sets of second-class constraints into firstclass ones. We think that this is the main advantage of this formalism.
In the following lines, as we said above, we will try to keep this paper self-contained. We will follow closely the ideas contained in [26] .
Let us now consider a general noninvariant mechanical model whose dynamics is governed by a Lagrangian L(a i ,ȧ i , t), (with i = 1, 2, . . . , N ), where a i andȧ i are the space and velocity variables, respectively. Following the symplectic method the zeroth-iterative first-order oneform Lagrangian is written as
with arbitrary one form
θ dξ (0) θ and the presymplectic variables are defined as
where A
θ are the canonical momenta and V (0) is defined as being the presymplectic potential. From the EulerLagrange equations of motion we have that
whose solutions rely on the invertibility of f θβ . The problem is that it is an impossible task if there are constraints involved. They would provide a singular matrix sinceξ
It is easy to see that the Hamiltonian corresponding to the Lagrangian (2.1) is V (0) . So, Eqs. (2.3) are also Hamiltonian-typė
But the generalized bracket is defined to be
The equations of motion (2.3) can be written in Hamiltonian form, with the presymplectic potential V (0) playing the role of Hamilton function.
The presymplectic tensor is obtained as
If the two-form
is singular, the presymplectic matrix (2.4) has a zeromode (ν (0) ) that generates a new constraint when multiplied by (contracted with) the gradient of the presymplectic potential,
This constraint will be introduced into the zerothiterative one-form Lagrangian equation (2.1) through a Lagrange multiplier η, generating the next one
with γ = 1, 2, . . . , (2N + 1) and
As a consequence, the first-iterative presymplectic tensor can be computed as
If this tensor is nonsingular, the iterative process stops and the Dirac brackets among the phase space variables are obtained from the inverse matrix (f
γβ ) −1 and consequently, the Hamiltonian equation of motion can be formulated and solved, as discussed in [27] . It is well known that a physical system can be described at least classically in terms of a presymplectic manifold M. From a physical point of view, M is the phase space of the system while a nondegenerate closed 2-form f can be identified as being the Poisson bracket. The dynamics of the system is determined just specifying a real-valued function (Hamiltonian) H on the phase space, i.e., one of these real-valued function solves the Hamiltonian equation, namely,
and the classical dynamical trajectories of the system in the phase space are obtained. It is important to mention that if f is nondegenerate, the equation (2.9) has a very unique solution. The nondegeneracy of f means that the linear map ♭ : T M → T * M defined by ♭(X) := ♭(X)f is an isomorphism. So, equation (2.9) can be solved uniquely for any Hamiltonian (X = ♭ −1 (dH)). On the other hand, the tensor has a zero-mode and a new constraint arises, indicating that the iterative process goes on until the presymplectic matrix becomes nonsingular or singular. If this matrix is nonsingular, the Dirac brackets will be determined naturally. In [27] , the authors consider in detail the case when f is degenerated.
The main idea of this embedding formalism is to introduce extra fields into the model in order to obstruct the solutions of the Hamiltonian equations of motion. We introduce two arbitrary functions that hinge on the original phase space and on the WZ variables, namely, Ψ(a i , p i ) and G(a i , p i , η), into the first-order one-form Lagrangian as follows
where the arbitrary function G(a i , p i , η) is expressed as an expansion in terms of the WZ field, given by
where G (n) (a i , p i , η) ∼ η n , and satisfies the following boundary condition
The presymplectic variables were extended until they also encompass the WZ variableξ (0)θ = (ξ (0)θ , η) (with θ = 1, 2, . . . , 2N + 1) and the first-iterative presymplectic potential becomes
In this context, the new canonical momenta arẽ
and the new presymplectic tensor is given bỹ
To sum up, basically, we have two steps: the first one is addressed to compute Ψ(a i , p i ) while the second one is dedicated to the calculation of G(a i , p i , η). In order to begin with the first step, we impose that this new presymplectic tensor (f (0) ) has a zero-modeν, consequently, we obtain the following conditioñ
At this point, f becomes degenerated and in consequence, we introduced an obstruction to solve the Hamiltonian equation of motion given by equation (2.9) . Assuming that the zero-modeν (0)θ is 19) and using the relation given in (2.18) combined with (2.17), we have a system of equations,
where
The matrix elements µ θ are chosen in order to disclose the desired gauge symmetry. Note that in this formalism the zero-modeν (0)θ is the gauge symmetry generator. It is worth to mention that this feature is important because it opens up the possibility to disclose the desired hidden gauge symmetry from the noninvariant model. From relation (2.18) some differential equations involving Ψ(a i , p i ) are obtained, i. e., the equation (2.20) , and after a straightforward computation, Ψ(a i , p i ) can be determined.
In order to compute G(a i , p i , η) following the second step of the method, it is mandatory that no constraints arise from the contraction of the zero-mode (ν (0)θ ) with the gradient of the potentialṼ (0) (a i , p i , η). This condition generates a general system of differential equations, which isν
and that allows us to compute all the correction terms G (n) (a i , p i , η) as functions of η. Notice that this polynomial expansion in terms of η is equal to zero. Consequently, all the coefficients for each order in η must be identically zero. Given this, each correction term as function of η is determined. For a linear correction term, we have
For a quadratic correction term, we have
From these both equations, a recursive equation for n ≥ 2 can be chosen as, 27) and the zero-modeν (0)θ is identified as the generator of an infinitesimal gauge transformation, given by
where ε is an infinitesimal parameter.
In the following sections, we will apply the symplectic gauge-invariant formalism in some second-class constrained Hamiltonian systems, Abelian and non-Abelian.
III. THE ABELIAN PROCA MODEL
Let us start with a simple Abelian case which is the Proca model whose dynamics is ruled by the Lagrangian density,
where m is the mass, g µν = diag(+ − −−) and (from now on)
As well known, the mass term breaks the gauge invariance of the usual Maxwell's theory. Hence, the Lagrangian density above represents a second-class system. To begin with the symplectic embedding procedure the Lagrangian density is reduced to its first-order form as
where the presymplectic potential is 
which is a singular matrix. It has a zero-mode that generates the constraint Ω = ∂ i π i + m 2 A 0 , identified as the Gauss law. We will include this constraint into the canonical part of the first-order Lagrangian L (0) in (3.2) introducing a Lagrangian multiplier (β). The first-iterated Lagrangian can be written in terms of ξ
, with the following presymplectic potential,
The first-iterated presymplectic matrix, computed as
is a nonsingular matrix. Consequently, the Proca model is not a gauge invariant field theory. The Poisson brackets among the phase space fields can be obtained from the inverse of the presymplectic matrix. The Hamiltonian,
where the phase space metric is
, which completes the noninvariant analysis.
The goal here is to disclose the gauge symmetry hidden inside the model. Both arbitrary functions, Ψ and G rely on both the original phase space variables and the WZ variable (θ). The former (Ψ) is introduced into the kinetic sector and the later (G), within the potential sector of the first-order Lagrangian. The process starts with the computation of Ψ and it ends up the calculation of G.
To clarify, the problem is that we have a second-class theory that is not (obviously) gauge-invariant. So, we have to make something if we want to transform this theory into a gauge invariant one. Thus, we have to introduce "something" new so that, interacting with the other fields and/or with itself, promotes a gauge-invariance "process" inside the theory. This "something" is the θ-field and the "process" is the symplectic embedding fornalism. However, it is important to notice that this θ-field, although now it is part of the symplectic coordinates of the extended phase space, it does not have a conjugated canonical momentum. Consequently, we believe that, from the outset, this θ-field can not be interpreted as the Stückelberg field. Even if we consider that the canonical momentum conjugated to the Stückelberg field is usually canceled by the Hamilton's equation of motion, the final result is different from the one obtained by the symplectic embedding. Note that the structures of the first-order Lagrangians for both methods are different since in the Stückelberg method [28] we have the pair π θθ and in the symplectic embedding we have Ψθ, where Ψ is the arbitrary function introduced above.
The first-order Lagrangian L (0) , given in Eq. (3.2), with the arbitrary terms, given by,
wherẽ
are the arbitrary functions to be determined as well as the constant k. Now, the presymplectic fields areξ
Note thatf is a 9 × 9 matrix with two space indexes in each entry. There is also an implicit time dependence, which comes from the coordinates and momenta. In the representation off , described above, some zeros are actually zero columns, zero lines or zero matrices. The corresponding zero-mode ν (0) ( x), the generator of the symmetry, satisfies the following relation,
The zero-mode does not generate a new constraint. However, it determines the arbitrary function Ψ and consequently, it obtains the gauge invariant reformulation of the model. We will scrutinize the gauge symmetry related to the following zero-mode,
to be the zero-mode off (0) , where b is a constant.
The constraint generated byν is Ω = −∂ i π i − m 2 A 0 . As we will see,ν will produce a constraint which is equal to Ω when γ = θ = 0.
Following the procedure we know thatν is a zero-mode off , one condition for Ψ is found, which is
The constraint appears from the contraction,
or, for short,Ω = Ω + G 0 + bkγ, where G 0 is implicitly defined.
Now we addλΩ toL and consider λ as a new independent field, that is, a Lagrange multiplier. Hence,
The presence of the constraint inside the kinetic part of the Lagrangian allows us to remove it from the potential part. Nevertheless, this common procedure will not help us here. Therefore no change happened in the potential.
as the new symplectic coordinates, where from now on α = 1, 2, ..., 10, and with the help of equation (3.14) , the symplectic matrix is
For the sake of clarity, it is convenient to use the notation δ (3) instead of δ( x − y). We can select two independent zero-modes to become the infinitesimal gauge generators, which arẽ
The values of the constants a 0 , a and c can be freely chosen. We have to remember that different choices directly correspond to different gauge generators. As it will be shown, the value of b is also free. Naturally, other zero-mode structures are possible, some of which entail correspondence to both WessZumino fields in each set.
Forν (γ) just one condition is necessary to assure its zero-mode feature, namely,
This zero-mode is a generator of gauge symmetries. Therefore no new constraint may arise from its contraction with the gradient of the potential. By equations (3.16) and (3.18), we see that this condition is automatically fulfilled.
There is a set of nontrivial equations that needs to be satisfied in order toν (θ) be a zero-mode off (1) . Instead of evaluating them now, it seems to be easier to demand thatν (θ) may not give rise to a new constraint. Hence,
The index x on ∂ i means that the derivative must be evaluated with respect to x (i.e., ∂ Equation (3.20) can be solved by considering G as a power series of θ (and its spatial derivatives). Let G n be proportional to θ n , so G = n G n . The condition G(θ = 0) = 0 leads to n ≥ 1. Hence,
The terms δG( y) δA µ ( x) and δG( y) δπ i ( x) do not contribute to the computation of G 1 . But they do contribute to others G n 's. After some straightforward calculations, one can find G 2 (without surface terms) as
The absence of A µ and π i in G 2 implies that G n = 0 for all n ≥ 3. Thus the function G is completely known and we can write down the expression for G 0 , which is,
Substituting this result in equation (3.19) , we have that
This fixes k as dependent of b. Our next and final step in order to prescribe the gauge embedded Lagrangian is to find Ψ. This can be done by demanding thatν (θ) be a zero-mode off (1) . Using (3.24) and (3.20) we have that,
With equations (3.14) and (3.25-3.27 ), up to an additive function just of θ (action surface term), Ψ can be determined as,
Note that we can withdraw the termλΩ fromL (1) without changing the dynamics. One can always redo the symplectic algorithm and find again the constraintΩ. This will lead us back toL. By varyingL with respect to π i and using Euler-Lagrange equations we find
Note that the momenta are not the original ones (which are F i0 ), but when θ is eliminated they are recovered.
Also from the Euler-Lagrange equations, we have that γ = b 2 m 2θ . Thus, eliminating π i and γ, the LagrangianL can be expressed bỹ
From the components ofν θ andν γ the infinitesimal gauge generators of the theory are obtained as
where ε is an infinitesimal time-dependent parameter.
The symplectic formalism assures us thatL is invariant under the above transformations for any constants b, a 0 and a (assuming they have proper dimensions, which are squared mass, mass and unit respectively).
Usually, terms with more than two derivatives in the Lagrangian are not welcomed, these can be avoided by fixing a = 1.
If one wants an explicit Lorentz invariance, the constants need to be fixed as b = m 2 , a = 1 and a 0 = 0 (alternatively, b could also be −m 2 ). With these values, the Lagrangian turn out to have a Stückelberg aspect, that is
(3.32) The Lagrangian in Eq. (3.32) is not the most general one that can be achieved with the symplectic embedding method. Others structures of the zero-modesν (θ) and ν (γ) are also possible, and their components, together with the components ofν, could also be field dependent.
If we analyze this specific example (Abelian Proca model), we can see that the BFFT embedding in the Hamiltonian approach is the analogue of the Stückelberg mechanism in the Lagrangian version. The extra field in the BFFT version is just the Stückelberg field. This was discussed in [28] . This shows clearly what we said above about the fact that our θ-field is not the Stückelberg field.
Following the symplectic embedding formalism, the zero-modeν (0) is the generator of the infinitesimal gauge transformation (δO = εν (0) ), given by,
Indeed, for the above transformations the invariant Hamiltonian, identified as being the presymplectic potentialṼ (0) , changes as δH = 0. It is a very easy task to show the invariance of (3.35) under the above gauge transformations. Consequently, there is no need to carry out the Dirac analysis.
IV. THE O(N ) INVARIANT NONLINEAR SIGMA MODEL
The O(N ) nonlinear sigma model (NLSM) in two dimensions is a free field theory for the multiplet σ a ≡ (σ 1 , σ 2 , . . . , σ n ) satisfying a nonlinear constraint σ 2 a = 1. This model has its dynamics governed by the Lagrangian density
where µ = 0, 1 and a is an index related to the O(N ) symmetry group. The original second order Lagrangian in the velocity, given in (4.1), is reduced into a first-order form, given by,
with
The presymplectic tensor given by Eq. (2.4) is
Since this matrix is singular, it has a zero-mode, ν (0) = 0 0 1 . Contracting this zero-mode with the gradient of the presymplectic potential V (0) , given above, the constraint obtained is,
a . The presymplectic coordinates are ξ 
The corresponding presymplectic tensor f (1) given by,
is singular. Consequently, it has a zero-mode that generates a new constraint, Ω 2 = σ a π a and the seconditeration Lagrangian is obtained as
The enlarged presymplectic coordinates are ξ
α = (σ a , π a , ρ, ζ) and the new one-form canonical momenta are
which is a nonsingular matrix. This means that the NLSM is not a gauge invariant theory. Now, the original phase space will be extended with the introduction of a WZ field. Let us introduce Ψ(σ a , π a , θ) and G(σ a , π a , θ), into the first-order Lagrangian as follows, 8) where the presymplectic potential is
with G(σ a , π a , θ) satisfying the relations given in Eqs. (2.12) and (2.13).
The presymplectic coordinates areξ (0) α = (σ a , π a , λ, θ) with the following one-form canonical momenta,
The corresponding matrixf (0) , given bỹ , π a , θ) . This matrix has a zero-mode.
Considering the symmetry generated by the following zero-mode, ν (0) = 0 σ a 0 1 . Since this zero-mode and the presymplectic matrix (4.11) satisfy the relation (3.12), Ψ is determined as Ψ = We know that no more constraints are generated by the contraction of the zero-mode with the gradient of the potential. The correction terms as functions of θ can be explicitly computed. The first-order correction term in θ, G (1) , determined after an integration process, is G
(1) (σ a , π a , θ) = −σ a π a θ. Substituting this expression into Eq. (4.9), the new Lagrangian is
(4.12) However, the model is not yet gauge invariant because the contraction of the zero-mode ν (0) with the gradient of the potential V 0 produces a non zero value, indicating that it is necessary to compute the remaining correction 
Now the zero-mode ν (0) does not produce new constraints. Consequently, the model has a symmetry and all correction terms G (n) with n ≥ 3 are zero. We can recover the invariant second order Lagrangian from its first-order form. To this end, the canonical momenta must be eliminated from the Lagrangian (4.13). The canonical momenta are computed as π a =σ a + σ a θ. Inserting this result into the first-order gauge-invariant Lagrangian (4.13), we have the second order Lagrangian asL 14) with the following gauge invariant Hamiltonian,
From the Dirac point of view, Ω 1 arises as a secondary constraint from the temporal stability imposed on the primary constraints, π λ and π θ , and plays the role of the Gauss law, which generates the time independent gauge transformation.
To proceed the quantization, we recognize the states of physical interest as those that are annihilated by Ω 1 .
The infinitesimal gauge transformations δξ
Concerning these transformations the Hamiltonian changes as δH = 0. Similar results were also obtained in the literature using different methods based on Dirac's constraint framework [30] [31] [32] [33] [34] [35] .
To disclose the hidden symmetry of the NLSM lying on the original phase space (σ a , π a ), we can use the Dirac method to obtain the set of constraints of the gauge invariant NLSM. It was described by the Lagrangian (4.14) and Hamiltonian (4.15), given by, φ 1 = π λ , φ 2 = − 1 2 (σ 2 a − 1), and ϕ 1 = π θ and ϕ 2 = σ a π a − σ 2 a θ, where π λ and π θ are the canonical momenta conjugated to λ and θ, respectively. The corresponding Dirac matrix is singular. However, there are nonvanishing Poisson brackets among some constraints, indicating that there are both second-class and first-class constraints. This problem is solved separating the second-class constraints from the first-class ones through constraint analysis. The set of first-class constraints is 16) while the set of second-class constraints is ς 1 = π θ and ς 2 = σ a π a − σ 2 a θ. Since the second-class constraints are assumed to be equal to zero in a strong way [37] the Dirac brackets are constructed as
Hence, the gauge invariant Hamiltonian is rewritten as
where the phase space metric M ij , given by
, which is a singular matrix. The set of first-class constraints becomes
Note that the constraint χ 2 , originally a second-class constraint, becomes the generator of gauge symmetries, satisfying the first-class property {χ 2 ,H} = 0. Due to this result, the infinitesimal gauge transformations are computed as
where ε is an infinitesimal parameter. It is easy to verify that the Hamiltonian (4.18) is invariant under these transformations because σ a are eigenvectors of the phase space metric (M ij ) with null eigenvalues. In this section we reproduced the results originally obtained in [38] using an alternative point of view.
V. THE GAUGE INVARIANT BOSONIZED CHIRAL SCHWINGER MODEL (CSM)
It has been shown over the last decade that anomalous gauge theories in two dimensions can be consistently and unitarily quantized for both Abelian [9, 39, 40] and non-Abelian [41, 42] cases. In this scenario, the two dimensional model that has been extensively studied is the CSM. We start with the following Lagrangian density of the bosonized CSM with a > 1,
Now, we have that g µν = diag(+1, −1) and ǫ 01 = −ǫ 10 = ǫ 10 = 1. The Lagrangian in (5.1), can be reduced into its first-order as follows,
where the zeroth-iterative presymplectic potential U (0) is
3)
The zeroth-iterative presymplectic variables are ξ (0) α = (φ, π φ , A 0 , A 1 , π 1 ) with the following one-form canonical momenta A α ,
The zeroth-iterative presymplectic tensor can be obtained as 
This matrix is obviously singular. Thus, it has a zeromode that generates a constraint when contracted with the gradient of the potential U (0) , given by,
that is identified as the Gauss law, which satisfies the Poisson algebra,
with the first-order presymplectic potential given by
where U (1) = U (0) . Therefore, the presymplectic variables become ξ (1) α = (φ, π φ , A 0 , A 1 , π 1 , η) with the following one-form canonical momenta,
The corresponding matrix f (1) is then
10) where Q = q 2 (a − 1) and this is a nonsingular matrix. This means that the model is not a gauge invariant theory.
We have now two arbitrary functions Ψ (φ, π φ , A 0 , A 1 , π 1 , θ) and G(φ, π φ , A 0 , A 1 , π 1 , θ), depending on both the original phase space variables and the WZ variable θ. The first-order Lagrangian can be rewritten as
The enlarged presymplectic variables are nowξ
with the following one-form canonical momentã
The corresponding presymplectic matrixf (0) reads
with θ x ≡ θ(x), θ y ≡ θ(y), Ψ x ≡ Ψ(x) and Ψ y ≡ Ψ(y). Note that this matrix is singular since
We will now investigate the symmetry connected to the following zero-mode,ν (0) = q −q∂ x 1 ∂ x −q 2 −1 , with bar representing a transpose matrix. Now we have to multiply the zero-mode above by the presymplectic matrix (5.14). Hence, some equations arise and after an integration Ψ is determined as Ψ = π
The presymplectic matrix (5.14) is rewritten asf
which is obviously singular and it has a zero-mode that, by construction, is given by the one above. The first-order correction term in θ, G (1) , is determined by,
after an integration. Substituting this expression into the equation (5.11), the new Lagrangian is
The Lagrangian in (5.18) is not yet gauge invariant because the zero-modeν (0) still generates new constraints, given by
The second order correction term G (2) is,
Hence, the first-order Lagrangian (5.18) becomes 22) with the new presymplectic potential
and the respective second-order Lagrangian is
(5.24)
The contraction of the zero-modeν (0) with the new presymplectic potential above does not produce a new constraint. So, all correction terms G (n) with n ≥ 3 are zero. The infinitesimal gauge transformations originated from the zero-mode (δξ i = εν (0) ) are
It is easy to verify that the Hamiltonian, identified as being the new presymplectic potentialŨ (0) , is invariant under these infinitesimal gauge transformation above, namely, δŨ (0) = 0. We would like also to demonstrate that the anomaly was canceled. It will be carried out from Dirac's point of view. From the Lagrangian in Eq. (5.22) the sets of primary constraints are computed as, ϕ 1 = π 0 , and
Since the constraint ϕ 1 has no time evolution, the following secondary constraint is calculated as ϕ 2 = Ω 1 − q 2 (a − 1)θ, and no more constraints arise from the temporal stability condition. In this way, the total Hamiltonian is
The time stability condition for the constraint χ 1 allows us to determine the Lagrange multiplier λ 3 . In this way, the gauge invariant version of the model has three constraints, namely, ϕ 1 , ϕ 2 and χ 1 . The corresponding Dirac matrix, given by,
(5.27) is singular. As the Dirac matrix is singular, the model has both first and second-class constraints. Through a constraint combination, we obtain a set of first-class constraints such as,χ 1 = −π θ + Ψ − π 0 , and a set of second-class constraints, given byφ 1 = ϕ 1 andφ 2 = Ω 1 − q 2 (a − 1)θ. It is again easy to verify thatχ 1 is a first-class constraint, identified as the Gauss law, while the others are second-class constraints. Note that the anomaly was removed. Hence, the Gauss law is also recognized as being the generator of the gauge transformation given in Eq. (5.25) .
The model has one first-class and two second-class constraints and the phase space dimensions result in eight dependent fields, i.e., (φ, π φ , A 1 , π 1 , A 0 , π 0 , θ, π θ ). The first-class constraint eliminates two fields, while the second-class constraints eliminate two fields. Hence, the model has four independent fields, i.e., there are two independent degrees of freedom.
In order to obtain the Dirac brackets, the set of secondclass constraints,φ 1 andφ 2 , will be assumed equal to zero in a strong way. The Dirac brackets among the phase space fields are obtained as
the others are zero. Note that the Dirac brackets among the original phase space fields were obtained before. After this process, the model now have only one firstclass constraint, χ =χ 1 |φ 1=φ2=0 = −π θ + Ψ identified as the Gauss law, that satisfies the Poisson algebra, {χ(x), χ(y)} * = 0. In this way, the anomaly was eliminated, the symmetry is preserved, and the fundamental brackets among the original phase space fields were reobtained. Note that the Gauss law is the generator of the gauge symmetry given in (5.25) .
Once more, the number of the independent degrees of freedom matches with the result obtained in the secondclass case. The invariant model has a phase space (φ, π φ , A 1 , π 1 , θ, π θ ), with six dependent fields, and has a first-class constraint which eliminates two fields. Consequently, the model has two independent degrees of freedom.
The remaining symmetry will be eliminated with the introduction of the unitary gauge-fixing term, given by θ = 0. Hence, both the noninvariant Hamiltonian and the corresponding Dirac brackets computed in the beginning of this section are reobtained, then recovering the anomaly. In this way, we conclude that the new symplectic gauge-invariant formalism does not change the physics contents inside the model.
VI. THE NON-ABELIAN EXTENSION OF THE PROCA MODEL
The non-Abelian extension of the Proca model has its dynamics governed by the following Lagrangian density 1 ,
, are in fact a set of real constants, known as the structure constants of the gauge group, and satisfy the following property,
The first-order form follows, 
Since this matrix is singular, it has a zero-mode that generates the constraint Ω a . The first-order Lagrangian through a Lagrange multiplier, is,
The new group of presymplectic variables is ξ
, and the new presymplectic matrix is
The first-order Lagrangian (6.3) can be rewritten as
where the arbitrary functions are
The G function obeys a boundary condition given by,
In this context, the corresponding presymplectic matrix is
(6.10) In order to determine the functions Ψ a , we analyze the symmetry related to the following zero-mode, ν (0) = ∂ x i 0 0 1 which produces a set of differential equations which allows us to compute the Ψ a function as Ψ a = −∂ i π i a (x). Consequently, the first-order Lagrangian can be rewritten as 11) where the presymplectic potential is
For the hidden symmetry inside the model, we have,
The linear correction term in θ is given by,
After an integration we have that
Now, we will compute the quadratic term, namely,
Integrating this relation in θ f (w), the quadratic correction term is obtained as
In this way, two correction terms as functions of θ a (G (3) (x) and G (4) (x)) were computed yet. Let us compute the first one. It can be carried out from the following relation,
and we can write that,
Finally, the last correction term is,
Therefore, the gauge invariant first-order Lagrangian is
where the presymplectic potential, identified as being the gauge invariant Hamiltonian, is given bỹ
θ b (y)
The second-order Lagrangian is
Let us make an analysis using the Dirac point of view. We start with the set of primary constraints, Ω 
no more constraints arise. Notice that some brackets above are zero, indicating that there are both first and second-class constraints. Indeed, the first-class constraint is Ω In agreement with Dirac's procedure, the second-class constraints can be taken equal to zero in a strong way. This allows us to compute the primary Dirac brackets. Due to the Maskawa-Nakajima theorem [37] , the primary Dirac brackets among the phase space fields are canonical. To demonstrate this, the brackets are computed explicitly. The Dirac matrix is
The inverse of the Dirac matrix is
In accordance with Dirac's process, the Dirac brackets among the phase space fields are obtained as
and the others are zero. Finally, the infinitesimal gauge transformations are obtained, namely,
which lead us to the invariant Hamiltonian.
To demonstrate that the gauge invariant formulation of the non-Abelian Proca model is dynamically equivalent to the original noninvariant model, the symmetry is fixed by using the unitary gauge fixing procedure, ϕ a = θ a ≈ 0, which leads to the bracket below, {Ω
. So, a new Dirac brackets must be computed. The corresponding Dirac matrix for this set of constraints is
Using the inverse of this matrix, the Dirac brackets among the physical phase space fields can be computed, which is equal to the one calculated from the original description. This result demonstrate again that the symplectic formalism can be seen in fact as a mapping between the original theory and the final one.
VII. HIDDEN SYMMETRIES OF A FLUID DYNAMICAL MODEL
It was demonstrated in [43] that the relativistic theories of membranes are integrable systems through the transformation of the problem into a two-dimensional fluid dynamics one. In this case, the potential term is proportional to the inverse of mass density, i.e., V ∝ ρ −1 . This subject is connected in some way to other fields like the parton model [44] , hydrodynamical description of quantum mechanics [45] , black hole cosmology [46] and hydrodynamics of superfluid systems [47] .
The majority of these cases aimed to find the solutions of the Galileo invariant system in d-dimensions in connection with the solutions of the relativistic d-brane system in (d + 1)-dimension [48] .
Let us start with the linear (or nonlinear), Schrödinger Lagrangian theory defined in a d-dimensional (r) space evolving in time (t),
whereV represents any nonlinear interaction and
where ρ ≡ ρ(t, r) and θ ≡ θ(t, r) is the velocity potential [47] into the Schrödinger Lagrangian. Now we can write the fluid dynamical model
ρ , which is the hydrodynamical form of the Schrödinger theory (details can be found in [50] ). We can say here that the connection between the fluid model, the membrane and its generalization to d-brane systems only appears under the very specific density-dependent interaction potential V = g/ρ [48] . The symmetries and the corresponding generators for the fluid dynamics model can be found in [50] .
The Lagrangian in (7.3) is already written in firstorder form, so we can write 
is non-singular and the model is not gauge invariant. We have that,L (0) = θρ + Ψη −Ṽ (0) (7.5)
, and Ψ ≡ Ψ(ρ, θ) and G ≡ G(ρ, θ, η) and the symplectic matrix is
) and the zero-modeν (0) (r) satisfies the relation
which provides us with the set of equations that allows the determination of Ψ explicitly. The WZ gauge symmetry is related to the following zero-modeν (0) = (1 1 − 1) since this zero-mode and the symplectic matrix (7.6) must satisfy the gauge symmetry condition in (7.7). We can obtain the set of equations
After an integration, Ψ can be written as Ψ(r) = θ(r) − ρ(r) and the symplectic matrix,
which is singular. Hence, the first-order Lagrangian is
is the generator of infinitesimal gauge transformation, then
where ε(r, t) is an infinitesimal time-dependent parameter. It was shown in [50] that the Lagrangian density in (7.10) becomes,
which is the same result obtained in [49] . This Lagrangian can also be written as
which depends on both equations of motion for η and for ρ respectively. As a second example [50] of zero-mode for this theory we have that the zero-modeν (0) = (1 0 −1) will generate the gauge-invariant first-order Lagrangian [50] , (7.14) and the infinitesimal gauge transformations will be obtained as
In [50] , the interested reader can obtain other six symmetries within the fluid model described in (7.1).
VIII. HIDDEN SYMMETRY IN THE ROTATIONAL FLUID MODEL
In [50] , some of us have demonstrated that the irrotational fluid model has a set of dynamically equivalent WZ gauge invariant versions. Also, the extra global symmetries, namely, Galileo antiboost and time rescaling, first obtained in [51] , were promoted to local symmetries.
In this section, we will investigate the symmetries of the rotational fluid model, but now they have an extra term, like kρ (∂ i θ + α∂ i β) 2 , where k is a constant, ρ ≡ ρ(t, r) is the mass density and θ ≡ θ(t, r) is the velocity potential. The terms introduce a dissipative force into the model.
To establish our ideas, we will investigate how the inclusion of a dissipative term affects the dynamics of the fluid model considering only one of these zero modes introduced in [50] .
It is well known that systems that have vorticity and/or viscosity have Casimir invariants which obstruct the construction of a canonical formalism for a fluid, as demonstrated in [52] . However, this obstruction can be eliminated using the Clebsch parameters, as it was shown by Lin [53] and by two of us in [54] . In fact, with the introduction of Clebsch parameters, it is possible to obtain a Lagrangian density for the rotational fluid with dissipation, 3-dimensional, as being
where the presymplectic potential is
The presymplectic coordinates are ξ (0) = (ρ, θ, α, β) and the corresponding zeroth-iterative one-form canonical momenta is given by
The zeroth-iteration presymplectic matrix, given by
is a nonsingular matrix. The model is not gaugeinvariant. Although the symplectic formalism does not restrain the dimension of the model, we choose a 3-dimensional description for the rotational fluid to place our work in a correct perspective in comparison with others.
The first-order Lagrangian L (0) , equation (8.1), with additional arbitrary terms (Ψ, G) is given bỹ
5) and Ψ ≡ Ψ(ρ, θ) and G ≡ G(ρ, θ, η) are arbitrary functions that must be calculated. The presymplectic coordinates areξ (0) = (ρ, θ, α, β, η) while the presymplectic matrix is
Hence we obtain that
In order to have a final solution, we consider that a = c = 0, thenν (0) = 0 1 0 1 −1 , and Ψ( which allows us to conclude that G (n) = 0 for n ≥ 3. Hence, the gauge-invariant first-order Lagrangian is written asL The zero-modeν (0) is the generator of infinitesimal gauge transformations (δO = εν (0) ). Then, δρ( r, t) = 0, δθ( r, t) = ε( r, t) δ( r − r ′ ), δα( r, t) = 0, (8.14) δβ( r, t) = ε( r, t) δ( r − r ′ ), δη( r, t) = −ε( r, t) δ( r − r ′ ), where ε( r, t) is an infinitesimal time-dependent parameter. In fact, under the infinitesimal transformations above, the invariant Hamiltonian (Ṽ (0) ) changes as δṼ (0) = 0. Considering the following transformations, θ = θ + η andβ = β + η, then the Lagrangian density, equation (8.12) , and the Hamiltonian, equation (8.13) , becomẽ
These expressions are identical to the original expressions for the Lagrangian in equation (8.1) and the Hamiltonian in equation (8.2) , respectively. Thus, at this point, it is important to point out that exist a hidden symmetry into the rotational fluid model. For the set of differential equations obtained we have no other solutions, i.e., the model has, in fact, only one hidden symmetry. Based on the investigation done by some of us in Ref. [50] , where the extra global symmetries proposed in [51] are promoted to local, we can conclude that these extra global symmetries do not exist in the rotational fluid model.
IX. FINAL DISCUSSIONS
From the Dirac point of view, a system classified as a gauge invariant theory is one that has first-class constraints. When a theory has second-class constraints, the gauge invariance can be recovered by converting the second-class constraints into first-class constraints. In the literature there is a great variety of techniques, with pros and cons, to promote this kind of conversion.
In this work we are concerned not only with the gauge invariance of second-class systems but also with the obtainment of a theory physically equivalent to the original one. We will see why we believe that symplectic embedding formalism is the most adequate technique [12] . Besides, as demonstrated by some of us, this method has the advantage that a convenient choice of a convenient zero-mode can lead to a theory physically equivalent to the original one through the elimination of the WZ terms [1, 4] . This means a new interpretation of the method. However, as recently demonstrated by some of us [56] the choice of the zero-mode must obey some "boundary conditions". In other words, we can say that the physical coherence must guide us to choose the correct (or convenient) zero-mode. But at the same time it is possible to obtain, as mentioned just above, a whole family of physically equivalent actions.
Speaking in another way, we can say that this particular mapping between the original action and the respective final gauge invariant theory can be interpreted as a kind of physical equivalence. Whenever necessary or convenient, the gauge invariance of the final actions obtained here was demonstrated via the Dirac analysis. The characterization of the final action as a first-class system corroborates the success of this process of symplectic embedding.
Firstly in this paper we used a kind of toy model, the Proca model, to illustrate the procedure. After that, we apply the formalism to the non-linear sigma model and to the chiral Schwinger model. In the NLSM, a hidden symmetry lying on the original phase space was disclosed, differently from other approaches [12, 30, 31] , where the symmetry resides on the extended WZ phase space.
In the CSM, the chiral anomaly was eliminated and the gauge symmetry was recovered. It is important to notice that this result was achieved introducing one WZ field while other schemes in the literature thrive with the introduction of two or more WZ fields, which is the origin of the ambiguity problem.
Besides, we showed in the context of a non-Abelian model (the non-Abelian Proca model) that the symplectic embedding formalism can be used without any restrictions concerning the noninvariant model algebra. Other constraint conversion techniques work since the algebra was previously and necessarily taken into account.
We also have brought a gauge-invariant version for the rotational fluid model. As a consequence, we have demonstrated that the hidden symmetry found is unique. Although we have studied the rotational fluid model with an extra term, which introduces dissipation into the model, the results are also valid without viscosity (k = 0). We have noted that, although we have dissipation, this fluid model has a hidden symmetry, which does not belong to the other group of symmetries obtained for the irrotational fluid model [50] . So, the local version of the extra global symmetries [51] does not exist in the rotational fluid model, with dissipation or not. Furthermore, the physical meaning of the hidden symmetry can be interpreted.
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